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RECENT RESEARCH IN COMPOSITE AND SANDWICH PLATE DYNAMICS

CL Bert’

Abstract - This paper ainvays literat ure concemh,g D11 ~~~~~~ 2(012 +2066 )w.~~ ,y
dynamics of plate-type sbvcwral eiomants of either (1)
compodtv material or sandwich construction. Papers + Dss w.Th,y + phw~~ - p 0
f r o m  1976 th,ou� ealy 1979 are reviewed. Special
attention is given to r ctangulady orthobuplc, cylln- The Dii are the plate flexural and twistin g rigidities .
dricaily orthotrop ic, and anise llopic pl at s lavnlnitod h is the plate thickness , p is the normal pressure,
plat.s thick and sandwich platea; and nonlinurltie* t is time, w is the plate deflection , ).xx ~y denotes
Free vibration, havmonic and random 1bIV*d vibra. ~ ( )/ax 2 ay2 , x and y are rectangular pos ition
don, th.nnally and flow induced vibration (miter), coordinates coinciding with the mater ial-symmetr y
and impact are also treated, directions. and p is the mean density.

- . In terms of energy the analogous expression is

The fundamentals of the mechanics of composite U~ + Ue T (2)
and laminated platá~ fiave been discussed in a pre-
vio us su rvey (13 -ahd are not repeated. No books The internal strain energy U~, work Ue done by the
have yet been pubIia~ed In the subject area the air- externa l force , and kinetic energy T are given
vey thus alqe~~~ Iy of. papers In th. open liters- reapectively as
ture and some re~~rts~ The following topics ars
excluded : strictly in-plane motion , acoust ic wave — (1/2) 11(0, iW2 .~~ + 2Dis W .xx w .yy
transmission , and fai lure due to impact and fatigue
loadings. + D33 W2.yy +4D66 W2 .xy )dX dy

(3)
U5 — -J j pwd x dy

SMALL -DEFLECTION MOTION OF THIN. 1 (1/2 ) lip h w2 
,
~ 

dx dy
SYMMETRICALLY LAM INATED ,

RECTANGULARLY ORTHOTROPIC PANELS Free Vibration
A method for deducing orthotrop ic solution s from
corre~ onding isotropic solutions was introduced

These panels are the simplest and most extensively Independent ly in Japan (2,3) and in the U.S. 11.4).
investigated of Thin composite -materia l plates and are This approach enables the vast literature on free
often called orthotropic plates. The panels can be vibration of isotro pic plates of various planforms to
an aligned single layer, an aligned paral lel-ply lamin- be uti lized to predict approximate natura l frequencies
ate, or a symmetrical crossply laminate . Laminate for orthotropic plates of the same planforms. The
symmetry about the plate midp lane ensures the accurac y of the method has been verified for the
absence of bending-stretching coupling; aligned wecific geometries listed in the Table . The effects
orthotropic material symmet ry prevents shear- of biaxial inpiane loads (tensile or compressive)
normal coup ling. Thus, in the absence of applied were later Incorporated into the method (53 , thus
shear and in-plane loading , the govern ing equat ion generalizing previou s work on buckling of orth otro pic
of mot ion can be wr itten as plates (6, 73.
•PW*lnj on Pse f.aor of Engin. ,lrsg, School of A.ro~~ac., M.cha,,ical and Nucisar Engln.er~ng,
Unlv.rslq of Okiahom., Nom,.n. Ohl horsa



Table. Applications of Isotropic-to-Orthotropfe side) ; the results with the variation 1143 are only
Deduction Techn ique 0.32% in erro r (sometimes lower, other times higher).

_____________________________________________ It is significant that a well-known sim ple formula
183 gave frequency values as much as 50% too high.

Planform Boundary Reference
Geometry Condit ions Number In addition to work mentioned above (131 . varyIng

thickness plates have also been Investigated; approzi-
Rectangular Fifteen Comb lna- 1,4 mate fundamental-fre quency expressions were ds-

tioris of clamped rived for simply supported (193 and clamped (203
and simply supported edge conditions.

Parallslogrammic Simply supported 2 Sake-ta 1213 treated a multi-b.y continuous rect-
angular panel. He considered simple sup ports at the

Ellipt ic Clamped 1,3.4 v_a and y—b edges, free or elastically restrained
edges at x—0 and x— a , and simple suppo rts at the

Right tri angular Clamped and simply 1, 4 IntermedIate supports x—a/N, 2a/N, ... (N-i )a/N.
supported

Laura and Lui sonl (221 used the Rayleigh-Rit z
Insofar as the development of relatively new methods method in conjunction with polynomial modal
of analy sis Is concern.d, Dharmarajan and Chou (81 functIon s to analyze a rectangular plate with dif-
extended the method of constant deflection lines — ferent values of elastic restraint at -the edges and sub-
originated for deflectIon (9] and free vibration of jected to in-plane forces. Beam functions were used
Isotropic plates (103 — to orthotropic plates. They In conjunction with the Rayle igh-Ritz method to
applied It to both clamped -edge and simply-sup- treat in-plane-loaded rectangu lar plates with var ious
ported -edge elli ptic -planform plates. The main dis- combinations of bounda ry conditions (233 . A
advantage of this method is that it can be used to conformal-mapping techni que used to analyze ir-
determine only the fundamental frequency. regularly shaped plates under In-plane fo rces (243

led to numerical results for the case of a rectangular-
Another method , not actually new but seldom ly orthotro pic plate of circular planform. However,
applied to vibration of plates , is the Kantorovich the results appear to contain some numerica l error
method (11 3 , known as the L~vy method in static (251
plate deflection theory (12] . This method has
recently been applied to free vibration of ortho- With the growing industrial importance of the finite-
tro pic plates (13] . Solutions were obtained by finite element method , it Is not surprising that Its use in
differences with respect to one position coordinate, composite-plate vibration analyses Is increasing.
Uniform -thickness rectangular plates with seven A simplified mixed rectangular element has been
different boundary conditions and linearly tapered applied to free vibration of rectangular plates (263 .
rectangular plates with simply supported edges A combination of triangular and rectangular element s
were studied. Values for the firit six natural frequen- have been used for the vibration of a cantilever plate
ciss were in fairly close agreement with those ob- representative of a delta-planform airplane wing (273 .
tam ed using other methods.

Forced Vibrat ion
Vljayakumar and R.maiah (141 used a variation Relatively few investigations on forced vibration have
(161 of Bolotin ’s asymptotic method (153 to obtai n been reported recentl y , except for some analytical
an initial soIution~ this solution became the trial work (283 and experimental work (293 on respnse
funct ion in the Rayleigh and Rayleigh -Ritz methods to random excitation.
The r.ailts for clamped rectangular plates wet. com-
pared with those obtained previously. Compared An .qu lvalent viscous damping approach was used
with 36-term Rayleigh-Rita results (17] . the modi- to predict response of a simp ly-supported rectangular
fled Boloti n estima tes for the fundamental frequency plate to a sinuso idal point load normal to the plate
were as much as 4.8% In error (alw ays on the low at Its center (303 .
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Two Investigations concerned with thermally In- SMALL -DEFLECTION MOTION OF THIN,
ducid vibrations wire on rectangular (31) and UNSYMMETRICALLY LAM INATED,
equilateral tr iangular (32) plates. Th, latter is severe- RE CT ANGULARLY ORTHOTRO PI C
ly limit ed by the assumption that 2(D~~ + 2D~~) s AND ANI SOTROPLC PANELS
(D 11 D~2 )~4 Related work on the effect of thermal
stresses induced by stead y-state sinuso idal loading Finite.element analyses are now being used for this
has been reported (333. class of plate (40, 41) . The appli cation of the NA&

TRAN CQDPLT element to rectangular-pianform
SMALL-DEFLECTION MOTION OF THIN, cantilever plates gave excellent agreement with

SYMMETRICALLY LAMINATED . results for boron-epoxy panels (403 .
RE CTANGULARLY ANISOTROP IC PANELS For this set of boundary conditions, the reduced

stiffn ess simplification was shown to be adequate.
Ralativaly very little work has been conducted In this approach the direct bendin g-stretching coup-
recently. The governing equation of mot ion for this ling terms are omitted , but the actual bending stiff-
class of panel Is identical to that in equation (1) with ness matrix t0Ij 1 is replaced by the reduced one
the addition of two bending-twisting coupling terms 1ni11 1 defined as follows

on th. left side: ~~~~~~~~ and 4Dae w,~y (D1j9 — (D1~1 — (8ij 1 IA 1~3 — ‘ tB i1l
In optimization studies of rectangular plates having
the symmetric balanced angle-ply laminat ion ar- NASTRAN CTRIA 2 was used to analyze the free
rangem.nt, for instance 81—I/-I/O, bOth simply vIbration of cantilever compressor blades (41) .
supported (341 and clamped (353 edges were con- ReSUlts were in good agreement with resonant fre.
sidered. In each case the optimal lamination angle quencies and nodal patterns obtained experimentally
(8) depends upon the plate aspect ratio as well as by holography.
the laminate material.

The Rayle igh-Ritz method was used to determine
Laura end Grossl (36) considered rectangular plates th. resonant f requencies of clamped cross-ply lamin-
with sup ported edges having elastic rotational con- ated plates of circular planform (421 .
straints. However, the letter conditions are satisf led
only approximately . Solution was obtained by the The Galericin method was used to obtain Fourier.
Rayleigh -Ritz method with polynomi al modal func - form solution for the flutter of arb itrarily laminated
tions. For cases In which comparisons with previous thin plates (43) . Graphical resul ts showed the effects
solutions were possible, sufficient ly goOd sen~e-~ 

of lamination angle , lamination arrangement, and
for engineeri ng purposes was obtained , fl ow direction on the flutter parameter for plates

laminated of glass epoxy, boron-epoxy, and graphite.
In many aerospace, marine , and automotive applica- epoxy .
dons, cutouts are necessary for lightening and access.
Thus, work on rectangular panels with rectang ular
cutouts l~ of practical importance (37, 383 . The cut- SMALL-DEFLECTION MOTION OF THIN ,
out is assumed equivalent to a certain displacement- SYMMETRICALLY OR UNSYMMETRICALLY
dependent external loading . Both simply-supported LAMINATED , CYLINDRICALLY ORTHOTROP IC
(373 end clamped (383 edges and sinusoidally OR ANISOTROPIC PANELS
forced and free vibrations were treated. Results
in graphical form depicted the effects of plate ma- Apparently It would be difficult to manufacture s
terial, orientat ion, and plate and cutout geometry, uniform-thickness plate that is cylindrically ortho-

trop ic; I.e.. having the m aterIal-symmetry axes
In analyses of the flutter of rectang ular panels under oriented In the radial and circumferential directions.
high-Math-number supersonic conditi ons, numerical Nevertheless, vib rat ional analyses of wd~. plates,
results were presented for boron-epoxy, graphite- either single-layer/symmetrically lamInated (44-46)
epoxy, and boron-a luminum unidirectIonal materials or arbitrarily laminated (47) have been reported.
at various orientations (391 . it wou ld seem to be even more difficult to construct 
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a cylindrically anisotrapic plate; i.e.. having a full Hinton extended the finIte-strIp method to the
array of elastic properties (no symmetries or zero symmetrically laminated anisotropic case (50) and
values) with respect to a cylindrical coordinate sys- also developed an analogous finite element (511.
tern. However, the vibrations of this class of plate
have also been analyzed (49) . The Mindlin-Goodmen procedure 1531 was used to

obtaIn a solution for the transient response of en
Prashap and Varadan (443 considered the i*liym- InfinIte long plate strip simply supported alOng the
metric free vibration of a sol id circular plate of sIdes (523 . The effects of pulse shape (rectangular.
cylindrically orthotropic matsdsl. Comparison of 

~~ trIangular, and sinusoidal) and pulse dwell time on
results obtained by the Rayleigh energy method dynamic load factor, maximum deflection, maximum
(called the Lagrenglen method by the authors) with bending stress, and maximum interlaminar shear
those obtained by the Galerkin method revealed the stress were investig ated. A somewhat sim ilar analysis
source of some discrepancies In some existing ~teiy • has been reported for the plane-strain case In the
am of this problem. The method of Frobenlus for presence of residual thermal stresses (54) . The resu lts
the nonaxisymmetric case (463 was used to obtain IndIcated that thermal stresses are usually detri
re~ lts that hem been criticized (441- mental to dynamic behavIor.

Ramal.h and Vljakumar (46) extended previous
work to the vibrat ion of concentric annular cylin- Unsymmatric Laminates
drically orthotropic plates There has been considerable activity In the cese of

free vibration of rectangular-planform plates. Bert
For cylindrically anisotropic plates with small flexur- and Chen (551 presented a closed-form solution for
al rigidities and subject to high in-plane loads, the • certain kind of simply supported edges. The results
numerical-pertuitatlOn iltethod of (TtetChed asymp- of a mixed finite element to this problem (581 were
totic expansions was usid to study the free vibrations in good agreement. An eight-node . 40-degree-of-
(481. freedom thick -plate element was in good agreement

wIth experimentally determined natura l frequencies
(671- The British Program VIPASA has been ax-

EFFECTS OF THICRNESS-SHEAR tended (581.
DEFORMATION ON SMALL-DEFL ECTION

MOTION Venkatesan and Kunukkasseri l (503 analyzed the
free vibration of a clrcular-planfomi plate laminated

It has tong been accepted that thickness-shear defor. of different Isotropic materi als. Symbo lic mani-
matlon plays a prominent role in sandwich panels. pulation tech niques In conjunction with a Rayleigh-
ic.. those with one or more thick. higl’ity flexible Ritz analysis of a clamped ellip tic pLate have been
cores and one or more thin , relat ively rigid facings. used (80,611.
However , this effect Is often impo rtant in composite-
material laminated panels as well; I.e.; those with A thick mult itayer laminate theo ry has been for-
all Layers of equal thicknes s. In fact, it is important mulated and used to predict the natural frequencies
even in single-layer panels of composite material of a simply-supported rectangular plate (621. Bend-
due to their very low ratio of shear mOdUlus tO log, traction, and shear effects are included for each
Young a modulus as compared to isot ropic materials. layer, and continuIty of stresses and dlaplacsm.nts

at the interlaminar Interfaces Is main tam ed. Dong and
$ymmssric Laminates Psuley (631 used elements through the thickness
A Galsrkln-t vpe approach wee used to study the ..-~ to InvestIgate plan, wave propagation In thick,
vibration of rectangular plates of rectangularly laminated plates.
orthotropic material end subjected to any combine-

• don of simply supported, elastically supported, or The forced response of a symmetric cross-ply sub
clemped edge conditions (49) - Rotatory Inertia strats wee analyzed with a constrained damping
wes tncluded. layer (64) .
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Sandwich Panels Damping hat been incorporated into dynamic analy
E~ tIer Hierature on dynamics of sandwich panels am of sandwich panels in three ways in recant work:
Is extensive (I. 661; recent analyses have thus been
directed tou.erd ipeclalizsd aspects - for example. S Use of sing le composite loss facto r 172. 73) -
the effect of thlcknes.norm l Ilexiblifty of core The main disadventags of this approach Is that
material 66). The iftect on Impact Is somewhat the composite loss factor Is most conveniently
analogous to the Impact of. thlcknees-normsl-rlgld determined empirically from experiments.
sandwIch plat. one frw mj rfac of liquid

S Use of a complex-modulus approach for the
A rectangular sandwich panel with unsymmetric core-mat erial sheer moduli only (74. 753. The
orthotropic facings wee subjected oa time-harmonic main dIsadventage of this approach is that it
point loading normal to the plate (57) . CalculatIons categorically neglects any d.nspkç In the
for a sandwich with one facing of aluminum, the facings.
other of steel, end a polyvinyl chloride core indicated
that the effect of symmetr ic modes on antisyminetric e Use of a complex-modulus approach for the
ones was not pro nounced. Young’s modulus of the facing material as weli

as the sheer modu lus of the corn material 175) -Lee and Chang 1681 Investigated the dispersion in any Case, this Is the most accurate model.relations for a sandwich with symmetr ic facings s
~ espedafty with facings of potymer.matrhi corn-

Isotropic materials thruughout. The material s~~ ga- posits mewiai. Unfortunately, honwer, the
ment was typical of elsctroststl caHy charged P15 work was limited to isotropic facings and an
cipltator plates. I.., a hsewy,stltf core (the plate ,~~~~itself) and a light , flexible facing (coatings of dust
particles adhering to the plate). This Is the converse Flutter of a sandwich panel was analyzed (773
of the material arrangement typical of structural using the fInite-element method.

RelaUvely compact electronic devices ra sometimes EFFE~CTS OF GEOMETRIC
mounted on sandwich p nels. It Is of interest , them. NONLI NEARIT Y
fore, to study the effect of a mass.iprlngdathpot
system attached at an arbitrary point. The damped Of the tWo ~~U~~~ $ 0? nonlInearIty in the dynamics
free vibration of one such rystern had a rectangular of composite-material plates, the most common Is
plate with symmetric orthotropic facings and ortho- geometric nonlinearity at finite deflections due to
tropic core (69) . the stiffening membrane action when the plate

edges are prevented from undergoing any In-plans
Chen and Came (701 conducted a finite-element and displacement. The effect Is a hardeningipring sctlon
experimental investigation of an open sandwich panel that ca.ues the natural frequencies to Increase as
consistIng of a single flat plate with a trapezoidal the arnpiitudeof motion Is increased.
corrugated member •ttached, An epoxy-adhesive
bonded structure had a greeter stiffness than a Thin Laminates
apot-wekied ohs. A variety of so lut ions for uniform-thickness, rect-

angularly orthotropic thin plates undergoing Large-
A number of recent papers have been concerned with amplitude vibration have recently appeared. It Is
the damping behavior of sandwich panels. In an gratifying that only one (781 of the. kwestlgstlons
experimental InvestigatIon of a foam-core panel, used the overworked Berger’s hypothesis, which has
and on the basis of a beam analysis, the system been shown to be unreliable In many ~~es (I).
was believed to behav. as a dIstributed-parameter Vvlous methods have been applied to rectangular
tuned dynamic absorber 171). At low frequencies, orthotropic plates. the Gal.rkin technique (79, 003 •
the behavior was domInated by thkkne~-normal th. perturbation method 181). end a simplified
action nalogous to a spring-mass system; at higher 16-degree-of.freedom rectangular conforming finite
frequencies the system behaved more like a homo. element 1821. The latter kind of element has also
gusseous beam. been used wIth cylindrically orthotropic plates (83).
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Radially t pered cylindricefly orthotropic circular plifled by ordinary yaeldlng or that due to the soften-
plates were treated analytIcally ($43 end with finite Ing nonlinearity encountered In the shear stress vs.
elements (85) . Annular plites with two different shear strain relation for certain composites.
nonlinear tapers were uwd to obtain wlutions by e
combination of the Kantor~elch method and the Zak (921 considered physical nonhneanity In the
Nsv.ton.Raphson Iteration ~hems (841. A linear- form of orthotropic elastoplastlc material behavIor .
tapered solid circular plate was treated With finite He also considered lamination effects, thickness shear
elements (853. Two large’smpiltude analyses of deformation, and geometric nonlineerlly. His ar~aly-
unsymmetric laminates have appeared (86, 87) . sIt Is based on the use of numerical t1mewi~ integra-
In one case antisymmetric cross-ply rectangular tion and a uniform-thickness quadrilateral finite
plates with two opposite edges simply supported element stacked in the thickness direction to repei
and th. othir two edges clamped were studied usIng sent the composite layers
the Galerkin technique. Ooth stress-free and Immov-
able In-plane edge conditions were Included. Sun and She fey (93) considered materIal-behavIor

nonllnwlty In the form of en additional cubic
Most of the analyses mentioned above kwolvsd only ~~~4traln term in iii. thickness shear stress-strain
one term in position and thus ni~le~ oJ the effects relation. They Investigated harmonic wave propag.-
of modal coupling. An exception Is the work of tion, formation of shock waves, and tree vibrations
Cal. and Prabhakara (8?), who presented multiple- A much more elabora te analysis included up to
mode solutions for rectangular plates of both anti- fourth-order elastic constants - ia.. up to cublcs of
symmetric angle-ply and endeymmetnic cross-ply the stra ins (943 -
with both simply supported and damped edges
Although the affect of modal coupli ng on the non-
linear frequencies of Isotropic plates Is not significant, TRENDS AND SUGGESTIONS
It can be significant for composite panels, especially FOR FUTURE RESEARCH
damped-edge high-modulus laminates.

The following trends are notable since the first review
Thiok Laminates and ~~~~~~ of thIs series (11
Ssthyemoorthy (88. 893 Included the effects of
thickness shear deformation and rotatory Inertia for • Use of the f inite element methQd for both
symmetrically laminated rectangularly orthOtropic linear and nonline ar problems (953
plates. Unfortunately, he used the Bergen hypo-
thesis. rather than work ing directly with the dynamic 

~ ~~ e.e-~ study of such practical complications
version of the von Karman equations The Bergen as cutouts, attiched mass-spring damper sys-
hypothes is was also usid to der iv, a relatively simple tems, elast ically supported edges, and random
frequency express ion for a simp ly supported rect- excit .tio n
angular plate of Isotropic symmetric sandwich con-
stn.lCttOn (901. a Increased activity in the area of geometrIcally :

nonlinear problemsIn an analysis of the nonlinear dynamic snap-th rough
symmetric buckling of a sim ply supported rectangular The author believes that the following aspects shouldplate of Isotropic symmetric sandwich structure, the b ~~~~~~~~~~ ~~ me full -
plate Is assumed to have a slight Init ial curvature
(91). A double Fourier series In position and Hoe- 

• ~~~, general lamination schemes with attentionbolt s timswlse integration scheme was usid. toward their use In optimal design syntheses
for such multiple conditions as flight loadings,

EFFECTS OF NONLINEAR MATERIAL nolie, buckling, and flutter
IRNAVIOR

a More realist ic mater ial models , wi th respect
Physical (material behavior) nonlinearity mey be to both effects of frequency and temperature
dee to nonlinear stress-strain relations such as exam- on stit?ness,s and damping and to fat igue
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properties and even the nonlinearity of the 7. ShuleskK~, P., “A Reduction Method for Buck.
stress-strain relations ling Problems of Orthotropic Plates.” Mro-

naa Ouan.,I~pp 145-156(1967).
• Interactions between vibration and material

flays, for example, crack propagstlon under e. 0~~~~ aIa.~, S. and Chou, F,H.. ‘Vleratlon of
various klndsof vibratory excitations Composite Plates of Arbitrery Shepe by the

Method of Constant Deflection Lines,” Shock
• Experimental verification of analyses, as well Vib. Bull.. U.S. Naval Ass- Lab., Proc., No. 47.

as vibration testing is a system identifiostlon Pt. 2, pp 99-106 (Sept 1977).
te~~~~~

9. Masumder. 3.. “A Method for Solving Problems
I.E GMENTS of ElastIc Plates of Arbitrary Sow.,” .L has-
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from the Office of Naval Research. Helpful discus. 10. Mazumdw, .L . Trsnwirse Vibration of Elastic
slons With his colleague, Dr. J.N. Reddy of the Plates by the Method of Constant Deflection
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